ABSTRACT. In this paper we first establish a nonuniqueness result for a semilinear Dirichlet problem of which the nonlinearity is of super-critical growth. We then apply this result to construct a Schrödinger operator on a domain O such that the second eigenfunctions of this operator (with zero Dirichlet boundary data) have their nodal sets completely contained in the interior of the domain f2.
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Introduction.
In this paper we shall consider the eigenvalue problem ( (A + V)<p + Xp = 0 inn, \ ip = 0 on du, where A = X)"=i(d2'/'^xi) 1S ^e Laplace operator, V is a given smooth function (the "potential"), A is an eigenvalue and 12 is a bounded smooth domain in R", n > 2. The set {x e 12 | <p(x) = 0} is called the nodal set of <p. It is well known that the first eigenfunction is always positive in 12 while all the higher eigenfunctions must change sign. The only general theorem concerning higher eigenfunctions seems to be the Courant Nodal Domain Theorem [2] which asserts that the nodal set of a kth eigenfunction divides the domain 12 into at most k subregions. In general the topology of nodal domains is not known, even in the simplest case n -2, k = 2 and V = 0. In case Q Ç R2 is convex and V = 0 in 12, the following conjecture has been around for quite some time (see e.g. [8] ).
NODAL DOMAIN CONJECTURE. The nodal line of any second eigenfunction must intersect the boundary ¿912 at exactly two points.
Progress has been made by L. Payne in [7] where this conjecture is verified under the additional hypothesis that the domain 12 is symmetric with respect to a line. Recently, in [4] , the first author has established this conjecture for bounded convex domains 12 which are symmetric with respect to a point or are invariant under a rotation of a fixed (but arbitrary) angle.
The purpose of this paper is to show that the above conjecture is false when V ^ 0. In fact, we shall construct, for each dimension n > 2, a potential V which is radially symmetric while the domain 12 is a ball and yet a second eigenfunction p2 of (1.1) is also radially symmetric. This, in turn, implies that the nodal set of <p2 is a sphere and thus encloses a smaller ball in fi.
To achieve this purpose, in case n > 3, we shall study the semilinear elliptic equation 2) has at least two positive radial solutions in Br (i.e. the ball with radius R) with zero Dirichlet boundary data. The existence of positive entire solutions and the nonuniqueness property of equation (1.2) also seem to be new in Rn, n > 3, and are of independent interest. A similar nonuniqueness result in R2 was found earlier by Ni and Nussbaum [5] . Using these results, we are then able to construct (in §3 below) the radial potential V described above.
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A semilinear equation.
In this section we shall study positive radial solutions of the semilinear equation Observe that equation (2.5) makes sense for all £ e R. For each e e R, we denote the solution w of (2.5) by u>(s,e). It is well known that tü(s, 0) has exactly one zero and tu(s, 0) remains negative after its zero since, by the maximum principle, w{s,s) is always decreasing for every e > 0. Now the continuous dependence of w{s,e) on e implies that there exists an £q > 0 such that wis,£) has a zero for every 0 < e < £o-(Note that since w(s,e) is decreasing for all £ > 0, the term £Wq is bounded by £wQi0) = £ when u>is) is positive.) Set 6 = £0 , the result follows. Q.E.D.
In the rest of this paper, we shall denote the first zero u{r; a) by p(a) with the convention that p(a) = oo if w(r; a) is a positive entire solution. Again, note that u{r; a) is always decreasing and has at most one zero. 
A counterexample.
The main goal of this section is to construct a potential V for which the Nodal Domain Conjecture (stated in §1) is false. In particular, the nodal set of a second eigenfunction of A + V (of (1.1)) does not intersect the boundary 512 and it encloses a region inside 12.
We start with a general observation. Let u be a positive solution of (Au + g{u)=0, inBp,
where g is a C1-function, and let <p be an eigenfunction of the linearized equation at u; i.e. Since <p'fc(Po) < 0, (n -1) < pk, the left-hand side is positive. Thus A must be positive, a contradiction. Hence ¡pk = 0 for all k > 2 and therefore tp is radially symmetric. Q.E.D.
We now come to the main result of this section. THEOREM 3.6. There exists a radially symmetric potential V and a ball Br, such that all the second eigenfunctions of A+V in Br, with zero Dirichlet boundary data are radially symmetric.
REMARKS, (i) The theorem above implies that the Nodal Domain Conjecture is false for A + V in general.
(ii) In the theorem above, there is only one second eigenfunction since all second eigenfunctions are radial.
PROOF OF THEOREM 3.6. First, we prove the case n > 3. We shall use the same notations as in §2. Let u -u{r; a) be the solution of (2.3) with exponents p,q satisfying (1.3). Since u (p(a);a) = 0 for all a in (0,ß) and p(a) assumes its minimum i?* (for a e (0,/?)) at a», we have du . . . . du .dp, .
- in Br, , we see that the above assertion implies that the second eigenvalue of the potential V in (3.7), X2(V), must be less than or equal to zero. By Proposition 3.3, all the corresponding second eigenfunctions must be radial (thus there is one such eigenfunction), and V, defined by (3.7), is the desired potential.
For the case n = 2, we need a similar nonuniqueness result from [5] . In [5, Theorem 4.23 By (i), (ii) and the above arguments for the case n > 3 it is easy to see that the second eigenvalue of the Schrödinger operator A + /'(u*) is less than or equal to zero. We now conclude as in the previous case that K(r) = /'(u*(r)) is the desired potential. Q.E.D.
As a consequence of the above theorem, we have THEOREM 3.8. There exists a radially symmetric potential V and a ball Br, such that the multiplicity of the second eigenvalue of A -Y V in Br, with zero Dirichlet boundary data is n+1, and one of the corresponding second eigenfunctions is radially symmetric.
PROOF. Let V and BR, be given by Theorem 3.6. Consider {tV \ 0 < t < 1}.
Let X2it) be the second eigenvalue of A + tV in (1.1); then X2it) is continuous in t (see [2] ). Note that A2(0) has multiplicity n and A2(l) has multiplicity 1 with the corresponding eigenfunction being radial. Now let ¿o = inf{i > 0 | at least one of the second eigenfunctions corresponding to X2it) is radial}.
We assert that A2(<o) has multiplicity n+1; in fact, we claim that A2(io) has one radial eigenfunction and n nonradial eigenfunctions. By the definition of to, there exists a sequence Si > s2 > ■ ■ ■ with Sj -► to and for each Sj, there exists a radial second eigenfunction <pj with ||£>j||l2 = 1. From standard elliptic estimates it follows that (passing to a subsequence if necessary) tpj converges (in C2(Br.)) to a nonzero radial function <po-Since A2(sj) -► A2(io)> <Po is a radial second eigenfunction of A2(io)-Thus to is assumed and is therefore positive. It remains to show that there are n nonradial second eigenfunctions corresponding to A2(*o)-To achieve this, we need the following LEMMA 3.9. Ifipisa nonradial second eigenfunction of (A + W)xp + Xrp = 0, inBx, %l¡ = 0, on dBx,
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